Abstract. Given a partial (resp. a global) action α of a connected finite groupoid G on a ring A, we determine necessary and sufficient conditions for the partial (resp. global) skew groupoid ring A⋆α G to be a separable extension of A.
Introduction
We recall that an extension of associative rings R ⊆ S is separable if the multiplication map m S : S ⊗ R S → R is a (R, R)-bimodule epimorphism which splits. Separable extensions of rings have been extensively studied in the literature; (see e. g. [6, 7, 8, 10, 11, 12] ) and more recently in [14] .
One interesting homology property of ring extensions is semisimplicity. We recall that R ⊂ S is semisimple if any exact sequence in the category S M of left Smodules that splits in R M also splits in S M. It is known that separable extensions are semisimple extensions; see e. g. [7, Remark 1.1] .
Given a finite group G such that the order of G is invertible on a ring A, it is well-known that the group ring A[G] is a separable extension of A. If G is a groupoid, then the groupoid ring A[G] is a separable extension of A if and only if the orders of the associated isotropy groups are invertible elements in A; see [13] . If the group G acts non trivially on A then we have associated the skew group ring A ⋆ G. Several authors investigated questions related to the separability of A ⊂ A ⋆ G; see e. g. [1, 2, 11] . For a (twisted) partial action α of G on A, necessary and sufficient conditions to the separability of the (twisted) partial skew group ring A ⋆ α G over A were given in [4] .
Let G be a finite connected groupoid acting partially on a ring A and A ⋆ α G the corresponding partial skew groupoid ring. In this article, we give necessary and sufficient conditions to the separability of A ⊂ A ⋆ α G; see Theorem 3.2. We also determine in § 4 under which conditions the extension A ⊂ A ⋆ α G is separable for a global action α of G on A.
The paper is organized as follows. After the introduction, in Section 1 we recall basic facts on groupoids and partial actions of groupoids. Moreover, we introduce trace maps that are fundamental to our purposes. Some properties of the partial skew groupoid ring are studied in Section 2. In Section 3, given a partial action α of a groupoid G on a ring A, we investigate when A ⋆ α G is a separable extension of A. Firstly, in Proposition 3.1, we reduce this problem to connected groupoids. After that, we present our main result in Theorem 3.2. The last Section explores the same problem for global actions of groupoids.
Conventions. In this work, ring means a non-necessarily unital associative ring. For a subset I of an ring A we write I A to denote that I is a two-sided ideal of A. The center of a ring A will be denoted by C(A).
1. Partial actions of groupoids 1.1. Groupoids. A groupoid is a small category where every morphism is an isomorphism. We denote a groupoid by s, t : G ⇒ G 0 , or simply by G, where G denotes the set of morphisms, G 0 the set of objects and s, t are source and target maps, respectively. We recall that the product gh exists if and only if s(g) = t(h), g, h ∈ G. In this case, t(gh) = t(g) and s(gh) = s(h). The set G 2 consists of pairs (g, h) ∈ G × G such that s(g) = t(h). Given e, f ∈ G 0 , we denote by G(e, f ) the set of arrows from e to f and by G(e) = G(e, e) the isotropy group. Note that G induces the following equivalence relation on G 0 :
e ∼ f if and only if G(e, f ) = ∅.
The groupoid G is connected if e ∼ f , for all e, f ∈ G 0 . Let [e] be the equivalence class of e ∈ G 0 . Throughout this paper, we assume that G is a groupoid such that
whenever e ∼ e j . By construction, G [e] is connected and it is called the connected component of G associated to e. Note that
that is, G is a disjoint union of its connected components.
1.2.
Partial actions of groupoids. Let G be a groupoid and A a ring. We recall from [5] that a partial action of G on A is a collection α = (A g , α g ) g∈G , where for each g ∈ G, A g A t(g) , A t(g) A, α g : A g −1 → A g is a ring isomorphism, and the following conditions hold:
(i) α e is the identity map Id Ae of A e , for all e ∈ G 0 ; (ii) α
is a partial action of the group G(e) on the subring A e of A, for each e ∈ G 0 .
A partial action α = (A g , α g ) g∈G of a groupoid G on a ring A is called unital if A g = A1 g , where 1 g is a central idempotent of A, for all g ∈ G.
The next result was proved in [5 
) g∈G be a unital partial action of a groupoid G on a ring A, (g, h) ∈ G 2 and a ∈ A. Then
In fact, by Lemma 1.
Let G be a groupoid, H a subgroupoid of G and A a ring. Suppose that α = (A g , α g ) g∈G is a partial action of G on A. We denote by α| H the partial action of H on A obtained by restriction of α to H, i.e. α| H = (A h , α h ) h∈H . 
Proof. Suppose that α
on A, for all i = 1, . . . , n. For each g ∈ G, we consider the unique j ∈ {1, . . . , n} such that
Let G be a groupoid and A a ring such that A = ⊕ e∈G0 A e , where A e is an ideal of A, for all e ∈ G 0 . Note that, for each e ∈ G 0 , we have that
(ii) Assume that
, for all i = 1, . . . , n. Given g ∈ G, there exists a unique j ∈ {1, . . . , n} such that g ∈ G [ej ] .
It is easy to verify that α is a partial action of G on A.
Notation 1.5. Let G, A and α be as in Proposition 1.4 (i). We shall denote the partial action α|
1.3. Trace maps and subring of invariants. Let G be a finite connected groupoid with G 0 = {e 1 , . . . , e r }, A = ⊕ r i=1 A i be a unital ring, A i := A ei and 1 i be the identity element of A i and α = (A g , α g ) g∈G a unital partial action of G on A.
Given e i , e j ∈ G 0 , we define the trace map from e i to e j by:
Since G is connected we have that G(e i , e j ) = ∅. Moreover, A g A t(g) = A j , for all g ∈ G(e i , e j ). Hence, t i,j is well-defined. Given a ∈ A, consider the unique elements a k ∈ A k such that a = r k=1 a k . Notice that
Note that t i,i coincides with the partial trace map t α (e i ) introduced in [9, § 2] for partial actions of groups.
We also define the subring of invariants of A under α from e i to e j by:
It is easy to check that
, where A
is the subring of invariants of A i under the partial action α (ei) associated to the isotropy group G(e i , e i ); see § 2 of [9] for more details. Proposition 1.6. Let e i , e j ∈ G 0 , x ∈ A (i,j) and a ∈ A. Then the following statements hold:
Proof. Let a ∈ A and h ∈ G(e j ). Then,
Consider the maps t j : A → A α (e j ) j given by
t i,j (a), for all a ∈ A and j = 1, . . . , r.
By Proposition 1.6 (i), t j is well-defined, for all 1 ≤ j ≤ r. Now we explore some properties of the maps t j . Firstly, we recall that the trace map t α : A → A α associated to the partial action α was defined in [5, p. 3668] by
Lemma 1.7. Let a ∈ A and g ∈ G(e i , e j ). Then:
and (i) follows. For (ii), let i, j, k ∈ {1, . . . , r} and g ∈ G(e i , e j ). Then
The Partial skew groupoid ring
Let α = (A g , α g ) g∈G be a partial action of a groupoid G on a ring A. The partial skew groupoid ring was defined in [3] as the direct sum
where the δ ′ g s are symbols, with the usual addition and the multiplication given by
It was observed in [3] that this multiplication is well defined and in general A⋆ α G is neither associative nor unital. However, when α is unital, it is immediate to check that A ⋆ α G is associative. By [3, Proposition 3.3] , if α is unital and G 0 is finite, then A ⋆ α G is unital with 1 A⋆αG = e∈G0 1 e δ e .
Remark 2.1. Let G be a groupoid such that G 0 is finite, A a unital ring and α a unital partial action of G on A. The map ϕ : A → A ⋆ α G, given by
(a1 e )δ e , a ∈ A, is a ring monomorphism and ϕ(1 A ) = 1 A⋆αG . Consequently, A ⋆ α G is an (A, A)-bimodule via:
for all g ∈ G, a g ∈ A g and a ∈ A. Theorem 2.2. Let G be a groupoid such that G 0 is finite, A a unital ring and α = (A g , α g ) g∈G a unital partial action of G on A. Assume that A = ⊕ e∈G0 A e . Then the following statements hold:
set of central pairwise orthogonal idempotents of A ⋆ α G such that 
Proof. (i) By Proposition 1.4 (i), we can consider the partial skew groupoid ring
(ii) It is clear that u i is the identity element of B [ei] . Using (i), we obtain that 1 A⋆αG = n i=1 u i . Clearly, {u 1 , . . . , u n } is a set of central pairwise orthogonal idempotents of A ⋆ α G and
. We define the following map
for all x ∈ A g and y ∈ A h . Given a = f ∈G0 a f ∈ A, note that
Consequently,
is well-defined map and it is clear that ϕ g,h is an (A, A)-bimodule homomorphism. Similarly, we can prove that
is a well-defined (A, A)-bimodule homomorphism. Note that ψ g,h is the inverse of ϕ g,h , for all (g, h) ∈ G 2 . The family of isomorphisms {ϕ g,h } g,h∈G [e] induces the isomorphism required. (v) Follows from (i), (iii) and (iv).
Separability of the partial skew groupoid ring
Let G be a groupoid such that G 0 is finite, A a unital ring and α = (A g , α g ) g∈G a unital partial action of G on A. We are interested in determining when the ring extension A ⊂ A ⋆ α G is separable. This problem can be reduced to the case where G is a connected groupoid, as we shall see in the next result. 
Therefore, x i is an idempotent of separability of B [ei] , for all i = 1, . . . , n. [ei] an idempotent of separability of B [ei] . Suppose that , for all k = 1, . . . , r i . It is straightforward to verify that
Conversely, suppose that B
is an idempotent of separability of A ⋆ α G.
In what follows in this section, G is a connected groupoid with finite set of objects
) g∈G is a unital partial action of G on A and 1 i is the identity element of A i .
Theorem 3.2. If G is finite then the following statements are equivalent:
Proof. Assume that A ⊂ B := A ⋆ α G is a separable extension of rings. Consider an idempotent of separability
for all a ∈ A. Particularly, if we consider g = h = e i then aa ei,ei = a ei,ei a, for all a ∈ A. Thus, a ei,ei ∈ C(A), for all i = 1, . . . , r. Observe also that
and
for all l ∈ G. Since (1 l δ l )x = x(1 l δ l ), comparing the coordinates of δ g ⊗ A δ s(g) in (6) and (7) we obtain that α g (a s(g),s(g 
Take a := a e1,e1 + . . . + a er ,er ∈ C(A). Notice that
Conversely, let a ∈ C(A) such that t i (a) = 1 i , for all i = 1, . . . , r. Suppose that a = a 1 + . . . + a r , with a i ∈ A i . Then, we take the following element
Note that
Since a ∈ C(A), it follows that a i ∈ C(A), for all i = 1, . . . , n. Consequently, α g (a i 1 g −1 ) ∈ C(A), for all i = 1, . . . , n. In order to prove that x is B-central it is enough to show that xb = bx and x(1 l δ l ) = (1 l δ l )x, for all b ∈ A and l ∈ G. Given b ∈ A and l ∈ G, we have that
Now we present two examples. 
Consequently, t 1 (a) = v 1 + v 2 = 1 1 and t 2 (a) = v 3 + v 4 = 1 2 if and only if a = v 1 + λv 2 + (1 − λ)v 3 + v 4 , where λ ∈ k. By Theorem 3.2, the extension A ⊂ A ⋆ α G is separable. Moreover, fixing a 1 = v 1 + λv 2 and a 2 = (1 − λ)v 3 + v 4 we have that
is an idempotent of separability of A ⋆ α G, for all λ ∈ k.
Example 3.4. Consider the groupoid G = {g, h, x, y, x −1 , y −1 } with set of objects G 0 = {e 1 , e 2 } and satisfying
kv i be the ring, where v i are pairwise orthogonal idempotents with sum 1 A and k is a field. We put A e1 = A g = kv 1 , A e2 = A h = kv 2 , A x −1 = A x = {0} and A y −1 = A y = {0}. Defining α x = α x −1 = α y = α y −1 = 0, α e1 = α g = Id Ae 1 and α e2 = α h = Id Ae 2 , it follows that α = (A l , α l ) l∈G is a unital partial action of G on A. Given an element a = λ 1 v 1 + λ 2 v 2 ∈ A, we have that t 1 (a) = 2λ 1 v 1 and t 2 (a) = 2λ 2 v 2 . Thus, A ⊂ A ⋆ α G is separable if and only if the characteristc of k is not 2.
Remark 3.5. Let G be a finite group, B a unital ring and γ = (B g , γ g ) g∈G a unital partial action of G on B. By [4, Theorem 3.1 (ii)], B ⊂ B ⋆ γ G is a separable extension if and only if there exists b ∈ C(B) such that t γ (b) = 1 B . Since t i = t γ , then Theorem 3.2 generalizes this result to the context of partial groupoid actions.
Corollary 3.6. Suppose that G is finite and that
• there exist a ∈ C(A) and k ∈ {1, . . . , r} such that t k (a) = 1 k ,
• for each j ∈ {1, . . . , r}, there exists g j ∈ G(e k , e j ) such that
Proof. By Lemma 1.7 (ii),
Thus 0 = (t j (a) − 1 j )1 gj = (t j (a) − 1 j )1 j = t j (a) − 1 j and whence the result follows from Theorem 3.2.
We recall from [10] 
Separability of the skew groupoid ring
Throughout this section, G is a connected groupoid such that G 0 = {e 1 , . . . , e r }, A = ⊕ r i=1 A i is a unital ring where A i = A ei = 0, α = (A g , α g ) g∈G is a unital global action of G on A and 1 i is the identity element of A i .
If α is a partial action (not global) then the separability of A⋆ α G over A does not implies the finiteness of G, even when G is a group; see Remark 3.2 of [4] . However, the statement is true for global actions as we shall see below. Proof. Fix B := A ⋆ α G. Let x ∈ B ⊗ A B an idempotent of separability. As in the proof of Theorem 3.2, we can take x = (g,h)∈G 2 a g,h δ g ⊗ 1 h δ h , where a g,h ∈ A g ∩ A gh . Since α is global, A g −1 = A s(g) and whence 1 g −1 = 1 s(g) , for all g ∈ G. As in the proof of Theorem 3.2, it follows from (5) that 1 i = g∈G(ej ,ei) α g (a ej ,ej ), for all 1 ≤ i, j ≤ r.
Since A i = 0, we obtain that a ej ,ej = 0. Therefore a g,g −1 = α g (a ej ,ej ) = 0, for all g ∈ G(e j , e i ). Hence G(e j , e i ) is finite, for all 1 ≤ i, j ≤ n, and whence G is finite.
Corollary 4.2. The following statements are equivalent:
(i) A ⊂ A ⋆ α G is a separable extension;
